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Abstract. We show how to reduceontology entailmentfor the OWL DL and
OWL Lite ontologylanguagesto knowledgebasesatis�ability in (respectively)
theSHO I N (D ) andSHI F (D ) descriptionlogics.This is doneby �rst estab-
lishing a correspondencebetweenOWL ontologiesanddescriptionlogic knowl-
edgebasesandthenby showing how knowledgebaseentailmentcanbereduced
to knowledgebasesatis�ability.

1 Intr oduction

The aim of theSemanticWeb is to make web resources(not just HTML pages,but a
wide rangeof webaccessibledataandservices)morereadilyaccessibleto automated
processes.Thisis tobedonebyaugmentingexistingpresentationmarkupwith semantic
markup,i.e.,meta-dataannotationsthatdescribetheircontent[2]. Accordingto widely
known proposalsfor a SemanticWeb architecture,ontologieswill play a key role as
they will beusedasa sourceof sharedandpreciselyde®nedtermsthatcanbeusedin
suchmetadata[15].

The importanceof ontologiesin semanticmarkuphaspromptedthe development
of several ontology languagesspeci®callydesignedfor this purpose.Theseinclude
OIL [7], DAML+OIL [13] andOWL [4, 16]. OWL is of particularsigni®canceasit
hasbeendevelopedby theW3C WebOntologyworking group,andis now anof®cial
W3Crecommendation.

The OWL recommendationactually consistsof three languagesof increasing
expressive power: OWL Lite, OWL DL and OWL Full. Like OWL's predecessor
DAML+OIL, OWL Lite andOWL DL canbe viewed asexpressive descriptionlog-
ics with an RDF syntax.They canthereforeexploit the considerableexisting body of
descriptionlogic research.In particular, thesetwo languagescanutilize previouswork
reportedon in the descriptionlogic literatureto de®netheir semanticsandto under-
standtheir formal propertiessuchasthedecidabilityandcomplexity of key inference
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problems[6]. OWL Full providesa morecompleteintegrationwith RDF, but its for-
malpropertiesarelesswell understood,andkey inferenceproblemswouldcertainlybe
much harderto compute.3 This paper, therefore,concentrateson theprovision of rea-
soningservicesfor OWL Lite andOWL DL, anddoesnot considerreasoningin OWL
Full.

1.1 OWL Reasoning

Reasoningwith ontologylanguageswill be importantin theSemanticWebif applica-
tionsareto exploit thesemanticsof ontologybasedmetadataannotations.For example,
if semanticsearchenginesareto ®nd pagesbasedon thesemanticsof theirannotations
ratherthantheir syntax,thenthey needto performsemanticreasoningin thelanguage
of theannotations.As well asproviding insightsinto OWL's formalproperties,OWL's
relationshipto expressivedescriptionlogicsprovidesasourceof algorithmsfor solving
key inferenceproblems,in particularsatis®ability. Moreover, in spiteof thehigh worst
casecomplexity of reasoningin suchdescriptionlogics,highly optimisedimplementa-
tionsof thesealgorithmsareavailableandhavebeenshown to work well with realistic
problems.Two dif®cultiesarise,however,whenattemptingto usesuchimplementations
to provide reasoningservicesfor OWL:

1. OWL's RDF syntaxusesframe-like constructsthat do not corresponddirectly to
descriptionlogic axioms;and

2. asin RDF, OWL inferenceis de®nedin termsof ontologyentailmentratherthan
ontologysatis®ability.

Notethatentailmentbetweenontologies(similarly, entailmentbetweenRDFgraphs)is
a basicinferencetaskinto which mostotherinferencetaskscanbetransformed:given
an ontologyO, a classC is subsumedby a classD with respectto O just in caseO
entailstheontologyf SubClassOf (C D)g, andi is an instanceof C with respectto
O just in caseO entailstheontologyf Individual (i type (C)g. Moreover, trans-
forming theseinferencetasksinto ontology(graph)satis®abilityrequiresfull negation,
which is not availablein eitherRDF or RDF Schema,andis not directly supportedin
OWL Lite.

Theobvioussolutionto the®rst dif®culty is to de®nea mappingthatdecomposes
OWL framesinto oneor moredescriptionlogic axioms.It turnsout, however, that the
RDF syntaxusedin OWL cannotbedirectly translatedinto any “standard”description
logic becauseit allows theuseof anonymousindividualsin axiomsassertingthetypes
of andrelationshipsbetweenindividuals.Theobvioussolutionto theseconddif®culty
is to reduceentailmentto satis®ability. Doing thisnaively would,however, requirerole
negation,andthis is not supportedin any implementeddescriptionlogic reasoner.

In this paperwe will show that, in spiteof thesedif®culties,ontologyentailment
in OWL DL and OWL Lite can be reducedto knowledgebasesatis®ability in the
SHOI N (D ) andSHI F (D ) descriptionlogicsrespectively. This is achievedby map-
pingOWL to anintermediatedescriptionlogic thatincludesanovelaxiomassertingthe

3 Inferencein OWL Full is clearlyundecidableasOWL Full doesnot includerestrictionsonthe
useof transitive propertieswhicharerequiredin orderto maintaindecidability[11].
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non-emptinessof a class,andby usinga moresophisticatedreductionto satis®ability
thatbotheliminatesthisconstructorandavoidstheuseof rolenegation.

This is a signi®cantresult from both a theoreticaland a practicalperspective: it
demonstratesthatcomputingontologyentailmentin OWL DL (respectively OWL Lite)
hasthe samecomplexity ascomputingknowledgebasesatis®abilityin SHOI N (D )
(SHI F (D )), and that descriptionlogic algorithms and implementations(such as
RACER [8]) canbe usedto provide reasoningservicesfor OWL Lite. The designof
“practical” algorithmsfor SHOI N (D ) is still an openproblem,but one that is the
subjectof active investigation.

2 The OWL WebOntology Language

As mentionedabove,OWL [4, 16] is anontologylanguagethathasrecentlybeende-
velopedby theW3C Web OntologyWorking Group.OWL is de®nedasanextension
to RDFin theform of avocabularyentailment[9], i.e.,thesyntaxof OWL is thesyntax
of RDFandthesemanticsof OWL areanextensionof thesemanticsof RDF.

OWL hasmany featuresin commonwith descriptionlogics,but alsohassomesig-
ni®cantdifferences.The®rst differencebetweenOWL anddescriptionlogicsis thatthe
syntaxof OWL is thesyntaxof RDF. OWL informationis thusencodedin RDF/XML
documents[1] andparsedinto RDF Graphs[14] composedof triples. BecauseRDF
Graphsaresuchan impoverishedsyntax,many descriptionlogic constructsin OWL
areencodedinto several triples.BecauseRDF Graphsaregraphs,however, it is possi-
ble to createcircularsyntacticstructuresin OWL, whicharenotpossiblein description
logics.SubtleinteractionsbetweenOWL andRDF causeproblemswith someof these
circularsyntacticstructures.

TheseconddifferencebetweenOWL anddescriptionlogics is thatOWL contains
featuresthat do not ®t within the descriptionlogic framework. For example,OWL
classesareobjectsin thedomainof discourseandcanbemadeinstancesof othercon-
cepts,includingthemselves.Thesetwo features,alsopresentin RDF, makea semantic
treatmentof OWL quitedifferentfrom thesemantictreatmentof descriptionlogics.

2.1 OWL DL and OWL Lite

Fortunatelyfor our purpose,thereareof®cially-de®nedsubsetsof OWL thataremuch
closerto descriptionlogics.Thelargerof thesesubsets,calledOWL DL, restrictsOWL
in two ways.First, unusualsyntacticconstructs,suchas descriptionswith syntactic
cyclesin them,arenotallowedin OWL DL. Second,classes,properties,andindividuals
(usuallycalledconcepts,rolesandindividualsin descriptionlogics)mustbedisjoint in
the semanticsfor OWL DL. Thesetwo restrictionsmake OWL DL muchcloserto a
descriptionlogic.

Becauseof thesyntacticrestrictionsin OWL DL, it is possibleto developanabstract
syntaxfor OWL DL [16] that looksmuchlike anabstractsyntaxfor a powerful frame
language,andis notverydifferentfrom descriptionlogic syntaxes.This is verysimilar
to the approachtaken in the OIL language[7]. The abstractsyntaxfor OWL DL has
classesand dataranges,which are analoguesof conceptsand concretedatatypesin
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Classes
A
intersectionOf(C1 . . .Cn )
unionOf(C1 . . .Cn )
complementOf(C)
oneOf(o1 . . .on )
restriction(R

f allValuesFrom(C)g f someValuesFrom(C)g
f value(o)g [minCardinality(n)]
[maxCardinality(m)] [cardinality(̀ )])

restriction(T
f allValuesFrom(D )g f someValuesFrom(D )g
f value(v)g [minCardinality(n)]
[maxCardinality(m)] [cardinality(̀ )])

Data Ranges
B
oneOf(v1 . . . vn )

Fig.1. OWL DL DescriptionConstructors

descriptionlogics,andaxiomsandfacts,whichareanaloguesof axiomsin description
logics.Axiomsandfactsaregroupedinto ontologies,theanalogueof descriptionlogic
knowledgebases,whicharethehighestlevel of OWL DL syntax.Ontologiescaninput
otherontologiesin OWL, but this importingshouldbehandledoutsideof thesemantics
for OWL andthusdoesnotaffect thereductionto descriptionlogics.

Theconstructorsusedto form OWL DL descriptionsanddatarangesareprovidedin
Figure1; in the®gureA is aclassname,C (possiblysubscripted)is aclass,o (possibly
subscripted)is anindividualname,R (possiblysubscripted)is anobjectproperty(also
calledabstractor individual-valuedproperties),T (possiblysubscripted)is a datatype
property,4 B is a datatype,D (possiblysubscripted)is a datarange,v (possiblysub-
scripted)is a datavalue,and`; m; n arenon-negative integers.A datavalueis either
of the form " `"ˆˆd , whered is the nameof a supporteddatatypeand` is a lexical
form in that datatype,or an untypedstring with an optional languagetag.For exam-
ple,"1"ˆˆxsd:integer denotestheinteger1, whereasboth"1"ˆˆxsd:string
and"1" denoteone-characterstrings.An OWL DL or OWL Lite reasonermay sup-
port many datatypes,but mustsupportat leasttheXML Schemadatatypesxsd:integer
andxsd:string.Datavaluesof the form "$\ell$"ˆˆd , whered is not a supported
datatype,arealsoallowed in OWL DL andOWL Lite. The denotationof thesedata
valuesareunconstrained.

Elementsenclosedin braces(i.e., f elementg) canbe repeatedzeroor moretimes
andelementsenclosedin squarebrackets(i.e.,[element])areoptional.A moreleisurely
descriptionof theseconstructorscanbefoundin theOWL documentation[4, 16].

4 An objectpropertyis onethatassociatespairsof individuals;adatatypepropertyassociatesan
individual with a datavalue.
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ClassAxioms
Class(A partialC1 . . .Cn )
Class(A completeC1 . . .Cn )
EnumeratedClass(A o1 . . .on )
DisjointClasses(C1 . . .Cn )
EquivalentClasses(C1 . . .Cn )
SubClassOf(C1 C2)

Property Axioms
DatatypeProperty(T super(T1 ) . . . super(Tn ) [Functional]

domain(C1 ) . . .domain(Cm ) range(D 1 ) . . . range(D ` ))
ObjectProperty(R super(R1 ) . . . super(Rn ) [inverseOf(R0)]

[Functional][InverseFunctional][Symmetric][Transitive]
domain(C1 ) . . .domain(Cm ) range(D 1 ) . . . range(D ` ))

EquivalentProperties(T1 . . .Tn )
SubPropertyOf(T1 T2)
EquivalentProperties(R1 . . .Rn )
SubPropertyOf(R1 R2)

Facts
Individual([o] type(C1) . . . type(Cm )

value(p1 x1) . . . value(pn xn ))
SameIndividual(o1 . . .on )
DifferentIndividuals(o1 . . .on )

Fig.2. OWL DL Axioms andFacts

Namesin OWL areof®cially URI references,but all thatmattershereis that they
aretreatedin our semanticsasatomicnames.

Classesanddatarangescanbeusedin OWL DL axiomsandfactsto provide infor-
mationaboutclasses,properties,andindividuals.Figure2 providesthesyntaxof these
axiomsandfacts.In this ®gure,thesameconventionsareusedasin Figure1 with the
additionthat value(pi x i ) is a valueconditionwherepi is eithera datatypeproperty,
in which casex i is a datavalue,or an objectproperty, in which casex i is eitheran
individualnameor anindividual fact.

To preservedecidabilityof reasoningin OWL DL, complex objectpropertiescannot
bespeci®edto betransitive.An objectpropertyis complex if either

1. it is speci®edasbeingfunctionalor inverse-functional,
2. thereis somecardinalityrestrictionthatusesit,
3. it hasaninversethatis complex, or
4. it hasasuper-propertythatis complex.

Again,a moreleisurelydescriptionof theseconstructorscanbefoundin theOWL
documentation[4, 16]. Figure2 ignoresannotationsanddeprecation,which allow un-
interpretedinformationto beassociatedwith classesandproperties,but which arenot
interestingfrom a logical pointof view.

Becauseof thesyntacticrestrictionsin OWL DL, metaclassesandothernotionsthat
do not ®t into thedescriptionlogic semanticframework canbeignored.In fact,OWL
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DL hasa semanticsthat is very muchin thedescriptionlogic style,andthathasbeen
shown to beequivalentto theRDF-stylesemanticsfor all of OWL [16]. Thesemantics
for OWL DL will bepresentedbelow.

Thereis a subsetof OWL DL, calledOWL Lite, the motivation for which is in-
creasedeaseof implementation.This is achievedby supportingfewerconstructorsthan
OWL DL, andby limiting theuseof someof theseconstructors.In particular, OWL Lite
doesnot supporttheoneOf constructor(equivalentto descriptionlogic nominals), as
thisconstructoris known to increasetheoreticalcomplexity andto leadto dif®cultiesin
thedesignof practicalalgorithms[10]. In Section5 wewill examinethedifferencesbe-
tweenOWL DL andOWL Lite in moredetail,andexploretheir impactonthereduction
from OWL entailmentto descriptionlogic satis®ability.

2.2 Semanticsfor OWL DL

OWL DL hastwo forms of semanticspeci®cation:a direct model-theoreticseman-
tics, and an RDF-compatiblemodel-theoreticsemantics[16]. The two are said to
have “a strongcorrespondence”,but the speci®cationexplicitly statesthat the direct
model-theoreticsemanticstakesprecedence.We will, therefore,only considerthe di-
rect model-theoreticsemantics,andfrom now on whenwe refer to the semanticsfor
OWL DL (or OWL Lite), this canbetakento meanthedirectmodel-theoreticseman-
tics.

The semanticsfor OWL DL is fairly standardby descriptionlogic standards.The
OWL semanticdomainis a setwhoseelementscanbedisjointly dividedinto abstract
objects(theabstractdomain,written � I ) anddatatypevalues(thedatatypeor concrete
domain,written � I

D andoftencalledconcreteobjects).Datatypesin OWL arederived
from the built-in XML Schemadatatypes[3], with inappropriatedatatypesremoved,
althoughas mentionedin Section2.1, an OWL DL or OWL Lite reasonermay not
supportall of thesedatatypes.Datatypevaluesaredenotedby specialliteral constructs
in thesyntax,asindicatedabove.

In orderto becloserto theRDFsemantics[9], aninterpretationin thesemanticsfor
OWL DL is of®cially asextupleconsistingof theabstractdomain,theconcretedomain,
a mappingfrom classnamesinto subsetsof the abstractdomainand from datatype
namesinto subsetsof theconcretedomain,a mappingfrom objectpropertiesto setsof
pairsover the abstractdomainandfrom datatypepropertiesto setsof pairs from the
abstractdomainandtheconcretedomain,5 a mappingfrom individualnamesto values
in the abstractdomain,anda mappingfrom literals to valuesin theconcretedomain.
This doesnot quite matchup with the descriptionlogic methodof usinga two-tuple
consistingof thedomain(written � I ) anda singlemapping(written �I ) for concepts,
properties,andindividuals,with datatypeshandledasanexternalparameter. Thereis,
however, anobviousisomorphismbetweenthetwo methods,andsoeitheronecanbe
usedfor ourpurposes.

In OWL DL all classesare interpretedassubsetsof the abstractdomain,andfor
eachconstructorthesemanticsof theresultingclassis de®nedin termsof thesemantics

5 Thismappingis alsousedto providemeaningfor annotations,whicharenotconsideredin this
paper.
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of its components.For example,giventwo classesC1 andC2, theinterpretationof the
intersectionof C1 andC2 is de®nedto bethe intersectionof the interpretationsof C1

andC2 (i.e.,C1
I \ C2

I ).
OWL DL axiomsand factsresult in semanticconditionson interpretations.For

example,anaxiomassertingthatD 1 is a subclassof D2 resultsin thesemanticcondi-
tion that theinterpretationof D 1 mustbea subsetof theinterpretationof D 2, (written
D1

I � D2
I ), while a fact assertingthat o hastype D resultsin the semanticcondi-

tion that the interpretationof o mustbean elementof thesetthat is the interpretation
of D (written oI 2 D I ), just ashappensin descriptionlogic semantics.An OWL DL
ontologyO is satis®edby an interpretationI just whenall of thesemanticconditions
resultingfrom theaxiomsandfactsin O aresatis®edby I , justasis thecasein descrip-
tion logic knowledgebases.Becausethis partof semanticsfor OWL DL is socloseto
thesemanticsof descriptionlogics,it will notbefurtherprovidedhere;instead,wewill
usethedescriptionlogic semanticsdirectly, aswe will mainly beinterestedin descrip-
tion logic knowledgebasesderived from OWL ontologies.More detailsof OWL DL
semanticscanbefoundin theOWL documentation[16].

Themainsemanticrelationshipin OWL DL is entailment—arelationshipbetween
pairsof OWL ontologies.An ontologyO1 entailsanontologyO2, written O1 j= O2,
exactlywhenall interpretationsthatsatisfyO1 alsosatisfyO2. This semanticrelation-
ship is differentfrom the standarddescriptionlogic relationships,suchasknowledge
baseandconceptsatis®ability. The main goal of this paperis to show how OWL DL
entailmentcanbe transformedinto DL knowledgebase(un)satis®ability, andthat the
two problemshave thesamecomplexity.

3 SHO I N (D) and SHI F (D)

Themaindescriptionlogic thatwe will beusingin this paperis SHOI N (D ), which
is similar to the well known SHOQ(D ) descriptionlogic [10], but is extendedwith
inverseroles(I ) andrestrictedto unquali®ednumberrestrictions(N ).

In descriptionlogics, a datatypetheory D is a mappingfrom a set of datatypes
to a set of values, e.g., from xsd:integer to the integers, plus a mapping from
data valuesto their denotationwhich must be one of the set of values,e.g., from
"l"ˆˆxsd:integer to the integer 1. The datatype(or concrete)domain,written
� I

D , is theunionof themappingsof thedatatypes.
GivenadatatypetheoryD, let A, R A , R D , andI bepairwisedisjointsetsof concept

names, abstract role names, datatype(or concrete)role names, andindividualnames.6

The setof SHOI N (D )-roles is R A [ f R� j R 2 R A g [ R D . In order to avoid
consideringrolessuchasR �� wewill de®neInv(R) s.t.Inv(R) = R� andInv(R � ) =
R. The set of SHOI N (D )-conceptsis the smallestset that can be built using the
constructorsin Figure3.

Figure 3 also gives the axiom syntax for SHOI N + (D ), an extension of
SHOI N (D ) with the conceptexistenceaxiom (the last axiom in Figure 3), which

6 Datatyperolesnamesaregenerallyreferredto asconcreterole namesin thedescriptionlogic
literature.
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Constructor Name Syntax Semantics
atomicconceptA A A I � � I

datatypeD D D D � � I
D

abstractroleR A R R I � � I � � I

datatyperoleR D U U I � � I � � I
D

individualsI o oI 2 � I

datavalues v vI = vD

inverserole R � (R � ) I = (R I ) �

top > > I = � I

bottom ? ? I = fg
conjunction C1 u C2 (C1 u C2) I = C I

1 \ C I
2

disjunction C1 t C2 (C1 t C2) I = C I
1 [ C I

2

negation : C (: C) I = � I n C I

oneOf f o1 ; : : : ; on g f o1 ; : : : ; on gI = f oI
1 ; : : : ; oI

n g
existsrestriction 9R:C (9R:C) I = f x j 9y:

hx; yi 2 R I andy 2 C I g
valuerestriction 8R:C (8R:C) I = f x j 8y:

hx; yi 2 R I ! y 2 C I g
atleastrestriction > n R (> n R) I = f x j ] (f y:

hx; yi 2 R I g) > ng
atmostrestriction 6 n R (6 n R) I = f x j ] (f y:

hx; yi 2 R I g) 6 ng
datatypeexists 9U:D (9U:D) I = f x j 9y:

hx; yi 2 U I andy 2 D D g
datatypevalue 8U:D (8U:D) I = f x j 8y:

hx; yi 2 U I ! y 2 D D g
datatypeatleast > n U (> n U) I = f x j ] (f y:

hx; yi 2 U I g) > ng
datatypeatmost 6 n U (6 n U) I = f x j ] (f y:

hx; yi 2 U I g) 6 ng
datatypeoneOf f v1 ; : : :g f v1 ; : : :gI = f vI

1 ; : : :g
Axiom Name Syntax Semantics

conceptinclusion C1 v C2 C I
1 � C I

2

objectrole inclusion R1 v R2 R I
1 � R I

2

objectrole transitivity Trans(R) R I = (R I )+

datatyperole inclusion U1 v U2 U I
1 � U I

2

individual inclusion a : C aI 2 C I

individual equality a = b aI = bI

individual inequality a 6= b aI 6= bI

conceptexistence 9C ] (C I ) > 1

Fig.3. Syntaxandsemanticsof SHO I N + (D )

is usedinternallyin our translation.Conceptexistenceaxiomswill beeliminatedin the
®nal stepof our translation,leaving only SHOI N (D ) axioms.

A SHOI N + (D ) knowledge baseK is a ®nite setof SHOI N+ (D ) axioms.We
will use v* to denotethetransitivere�exiveclosureof v onroles,i.e.,for two rolesS;R
in K, S v* R in K if S = R, S v R 2 K, Inv(S) v Inv(R) 2 K, or thereexistssome
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roleQ suchthatS v* Q in K andQ v* R in K. A roleR is calledsimplein K if for each
roleS s.t.S v* R in K, Trans(S) 62K andTrans(Inv(S)) 62K. To maintaindecidability,
a knowledgebasemusthavenonumberrestrictionsonnon-simpleroles[11].

The semanticsof SHOI N + (D ) is given by meansof an interpretationI =
(� I ; �I ) consistingof anon-emptydomain� I , disjoint from thedatatypedomain� I

D ,
anda mapping�I , which interpretsatomicandcomplex concepts,roles,andnominals
accordingto Figure3. (In Figure3, ] is setcardinality.)

An interpretationI = (� I ; �I ) satis�esa SHOI N + (D )-axiomunderthecondi-
tions given in Figure3. An interpretationsatis®esa knowledgebaseK iff it satis®es
eachaxiomin K; we will oftencall suchaninterpretationa modelof K. A knowledge
baseK is satis�able (unsatis�able) if f thereexists (doesnot exist) a modelof K. A
SHOI N + (D )-conceptC is satis®ablewith respectto aknowledgebaseK iff thereis
amodelI of K with C I 6= ; . A conceptC is subsumedby aconceptD with respectto
K iff C I v D I in everymodelI of K. Two conceptsaresaidto beequivalentwith re-
spectto K iff they subsumeeachotherwith respectto K. A knowledgebaseK 1 entails
a knowledgebaseK2 if f everymodelof K1 is alsoa modelof K2.

Although this is not usuallydonein descriptionlogics,we de®nea notion of en-
tailment in SHOI N + (D ) in the sameway as it was de®nedfor OWL DL. One
SHOI N + (D ) knowledgebaseentailsanother, written K j= K 0, if every model of
the ®rst knowledgebase,K is alsoa modelof the second,K0. It is easyto show that
K j= K0 if f K j= A for everyaxiomA in K 0.

The descriptionlogic SHI F (D ) is just SHOI N (D ) without the oneOf con-
structorand with the atleastand atmostconstructorslimited to 0 and 1. We de®ne
SHI F + (D ) asSHI F (D ) extendedwith theconceptexistenceaxiom.

4 From OWL DL Entailment to SHO I N (D) Unsatis�ability

We will now show how to translateOWL DL entailmentinto SHOI N (D ) unsat-
is®ability. The ®rst stepof our processis to translatean entailmentbetweenOWL
DL ontologiesinto an entailmentbetweenknowledgebasesin SHOI N + (D ). Then
SHOI N + (D ) entailmentis transformedinto unsatis®abilityof SHOI N (D ) knowl-
edgebases.Notethatconceptexistenceaxiomsareeliminatedin this laststep,leaving
a SHOI N (D ) knowledgebase.

From now on D will be a particularkind of datatypetheory, namelyfor thewell-
behaved XML Schemadatatypes[3] plus a datatypefor untypedOWL literals plus
oneotherdatatype,whoseextensionis theentiredatatypedomain,andusingtheOWL
syntaxfor datavalues.(SeetheOWL documentation[16] for theparticularsof which
XML Schemadatatypesarewell-behavedandwhy.) Theextra datatype,which cannot
occurin theontologiesbeingtranslated,will beusedasa way to write unknown data
values.

It is easyto seethatthesedatatypescompriseadatatypetheory.
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OWL fragmentF TranslationV(F )
A, OWL classname A
B , OWL datatypename B
R, OWL objectpropertyname R
T , OWL datatypepropertyname T
o, OWL individual name o
v, OWL datavalue v
intersectionOf(C1 . . .Cn ) V(C1) u : : : u V(Cn )
unionOf(C1 . . .Cn ) V(C1) t : : : t V(Cn )
complementOf(C) :V (C)
oneOf(o1 . . .on ) fV (o1); : : : ; V(on )g
restriction(R r 1 r 2 . . . r n ) V(restriction(R r 1)) u : : : u V(restriction(R r n ))
restriction(R allValuesFrom(C)) 8V(R):V(C)
restriction(R someValuesFrom(C)) 9V(R):V(C)
restriction(R value(o)) 9V(R):fV (o)g
restriction(R minCardinality(n)) > n V(R)
restriction(R maxCardinality(n)) 6 n V(R)
restriction(R cardinality(n)) > n V(R) u 6 n V(R)
restriction(T r 1 r 2 . . . r n ) V(restriction(T r 1)) u : : : u V(restriction(T r n ))
restriction(T allValuesFrom(D )) 8V(T ):V(D )
restriction(T someValuesFrom(C)) 9V(T ):V(D )
restriction(T value(v)) 9V(T ):fV (v)g
restriction(T minCardinality(n)) > n V(T )
restriction(T maxCardinality(n)) 6 n V(T )
restriction(T cardinality(n)) > n V(T ) u 6 n V(T )
oneOf(v1 . . . vn ) fV (v1); : : : ; V(vn )g

Fig.4. Translationfrom OWL classesandnamesto SHO I N (D )

4.1 From OWL DL to SHO I N + (D)

An OWL DL ontologyis translatedinto a SHOI N + (D ) knowledgebaseby taking
eachaxiomandfact in theontologyandtranslatingit into oneor moreaxiomsin the
knowledgebase.

For OWL DL axioms,this translationis very natural,and is almost identical to
the translationof OIL describedby Decker et al. [5]. For example, the OWL DL
axiom Class(A completeC1. . .Cn ) is translatedinto the pair of SHOI N + (D ) ax-
ioms A v V(C1) u : : : u V(Cn ) and V(C1) u : : : u V(Cn ) v A, whereV is the
obvious translationfrom OWL classesto descriptionlogic concepts,againvery sim-
ilar to the transformationdescribedby Decker et al. [5]. Similarly, an OWL DL ax-
iom DisjointClasses( C1... Cn ) is translatedinto the SHOI N + (D ) axioms
V(Ci ) v :V (Cj ) for 1 � i < j � n. The translationfrom OWL DL classesto
SHOI N (D ) classesis givenin Figure4 andthetranslationfrom OWL DL axiomsto
SHOI N (D ) axiomsis givenin Figure5.

The translationof OWL DL facts to SHOI N + (D ) axioms is more complex.
This is becausefactscan be statedwith respectto anonymousindividuals,and can
includerelationshipsto other(possiblyanonymous)individuals.For example,thefact
Individual(type(C) value(R Individual(type(D)))) statesthat thereexistsan individual
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OWL fragmentF TranslationV(F )
Class(A partialC1 . . .Cn ) A v V(C1) u : : : u V(Cn )
Class(A completeC1 . . .Cn ) A v V(C1) u : : : u V(Cn ), V(C1) u : : : u V(Cn ) v A
EnumeratedClass(A o1 . . .on ) A v fV (o1); : : : ; V(on )g, fV (o1 ); : : : ; V(on )g v A
DisjointClasses(C1 . . .Cn ) V(Ci ) v :V (Cj ), 1 � i < j � n
EquivalentClasses(C1 . . .Cn ) V(Ci ) = V(Ci +1 ), 1 � i < n
SubClassOf(C1 C2) V(C1) v V(C2)
DatatypeProperty(T r 1 r 2 . . . r n ) V(DatatypeProperty(T r 1)); : : : ; V(DatatypeProperty(T r n ))
DatatypeProperty(T super(T1)) V(T ) v V(T1)
DatatypeProperty(T Functional) > v 6 1V(T )
DatatypeProperty(T domain(C)) > 1 V(T ) v V(C)
DatatypeProperty(T range(D )) > v 8V(T ):V(D )
ObjectProperty(R r 1 r 2 . . . r n ) V(ObjectProperty(R r 1)); : : : ; V(ObjectProperty(R r n ))
ObjectProperty(R super(R1 )) V(R) v V(R1)
ObjectProperty(R inverseOf(R0)) V(R) v V(R) �

ObjectProperty(R Functional) > v 6 1V(R)
ObjectProperty(R InverseFunctional)> v 6 1V(R) �

ObjectProperty(R Symmetric) V(R) v V(R) �

ObjectProperty(R Transitive) Trans(V(R))
ObjectProperty(R domain(C)) > 1 V(R) v V(C)
ObjectProperty(R range(C)) > v 8V(R):V(C)
EquivalentProperties(T1 . . .Tn ) V(Ti ) v V(Tj ), 1 � i; j � n
SubPropertyOf(T1 T2) V(T1) v V(T1)
EquivalentProperties(R1 . . .Rn ) V(R i ) v V(R j ), 1 � i; j � n
SubPropertyOf(R1 R2) V(R1) v V(R1)

Fig.5. Translationfrom OWL axiomsto SHO I N (D )

thatis aninstanceof classC andis relatedvia thepropertyR to anindividual thatis an
instanceof theclassD , withoutnamingeitherof theindividuals.

The need to translate this kind of fact is the reason for introducing the
SHOI N + (D ) existenceaxiom. For example,the above fact can be translatedinto
the axiom 9(C u 9R:D), which statesthat thereexists someinstanceof the concept
C u 9R:D , i.e., an individual that is an instanceof C andis relatedvia the role R to
aninstanceof theconceptD . Figure6 describesa translationF that transformsOWL
Individual factsinto SHOI N + (D ) existenceaxioms(andthe otherOWL factsinto
SHOI N (D ) axioms).

Theorem1. ThetranslationfromOWL DL to SHOI N + (D ) preservessatis�ability.
That is, an OWL DL axiomor fact is satis�ed by an interpretationI if andonly if the
translationis satis�edby I .7

Proof. A simple recursive argument based on the semanticsof OWL DL and
SHOI N + (D ) showsthat theextensionof OWL DL classes,data ranges,andpieces

7 Thestatementof thetheoremhereignorestheminordifferencesbetweenOWL DL interpreta-
tionsandSHO I N + (D ) interpretations.A stricteraccountwould have to worry aboutthese
stylisticdifferences.
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OWL fragmentF TranslationF (F )
Individual(x1 . . . xn ) 9(F (x1) u : : : u F (xn ))
type(C) V(C)
value(R x) 9R:F (x)
value(T v) 9T:fV (v)g
o fV (o)g
SameIndividual(o1 . . .on ) V(oi ) = V(oj ), 1 � i < j � n
DifferentIndividuals(o1 . . .on ) V(oi ) 6= V(oj ), 1 � i < j � n

Fig.6. Translationfrom OWL factsto SHO I N + (D )

Axiom A TransformationG(A)
c v d x : c u : d
9c > v : c
Trans(r ) x : 9r :9r :f yg u :9 r :f yg
r v s x : 9r :f yg u :9 s:f yg

f v g
x : 9f :f bg u :9 g:f bg
for b a freshdatavalueof theextradatatype

a = b a 6= b
a 6= b a = b

Fig.7. Translationfrom Entailmentto Unsatis�ability

of Individual factsis maintainedin thetranslation.Similarly, a simplesemanticsbased
argumentshowsthat the translationof OWL DL axiomsand factspreservessatisfac-
tion.

Theabove translationincreasesthesizeof anontologyto at mostthesquareof its
size.It caneasilybe performedin time linear in the sizeof the resultantknowledge
base.

4.2 From Entailment to Unsatis�ability

Thenext stepof ourprocessis to transformSHOI N + (D ) knowledgebaseentailment
to SHOI N (D ) knowledgebaseunsatis®ability. We do this to relateour new notion
of descriptionlogic entailmentto thewell-known operationof descriptionlogic knowl-
edgebaseunsatis®ability.

We recall from Section3 that K j= K 0 if f K j= A for every axiom A in K 0. We
thereforede®ne(in Figure7) a translation,G, suchthat K j= A iff K [ fG(A)g is
unsatis®able,for K a SHOI N+ (D ) knowledgebaseandA a SHOI N + (D ) axiom.
In this transformationwe have needof namesof varioussortsthatdo not occurin the
knowledgebaseor axiom; following standardpracticewe will call thesefreshnames.
Throughoutthetranslation,x andy arefreshindividualnames.

Most of thetranslationsin Garequitestandardandsimple.For example,anobject
role inclusion axiom r v s is translatedinto an axiom x : 9r:f yg u :9 s:f yg that
requirestheexistenceof anindividual that is relatedto someotherindividual by r but
notby s; aknowledgebaseK [ f x : 9r:f ygu :9 s:f yggwill clearlybeunsatis®ableif f
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K j= r v s. Theonly unusualtranslationis for datatyperoleinclusionsf v g. Wehave
includedanextradatatype,whosesemanticsarepurposelyleft underde®ned,precisely
to serveasa sourceof freshvalueswhosedenotationcanbearbitrarilyadjusted.

The translationG increasesthe sizeof an axiom by at mosta constantamount.It
caneasilybeperformedin time linearin thesizeof theaxiom.

ThetranslationGeliminatesconceptexistenceaxiomsfrom theknowledgebaseK 0

on theright-handsideof theentailment.Our laststepis to eliminateconceptexistence
axiomsfrom theknowledgebaseK on theleft-handsideof theentailment.We do this
by applyinga translationE(K) that replaceseachaxiomof the form 9C 2 K with an
axioma : C, for a a freshindividual name.It is obviousthatthis translationpreserves
satis®ability, canbeeasilyperformed,andonly increasesthesizeof a knowledgebase
by a linearamount.

Theorem2. Let K andK0 beSHOI N + (D ) knowledge bases.ThenK j= K 0 iff the
SHOI N (D ) knowledgebaseE(K) [ fG(A)g is unsatis�ablefor everyaxiomA in K 0.

Proof. Firstly, K j= K0 iff E(K) j= K0. This followsfromtheobviouscorrespondence
betweenmodelsof K and modelsof E(K): a modelI of E(K) is also a modelof K,
becausefor every axiomof the form 9C 2 K there is an axioma : C 2 E(K), so
aI 2 C I and#( C I ) > 1; a modelI of K canbetrivially extendedto a modelof E(K)
by interpretingeach freshindividual a in an axioma : C in E(K) asanelementof C I

(such anelementmustexist asthere is a correspondingaxiom9C in K).
GiventhatE(K) j= K0 iff E(K) j= A for everyaxiomA in K 0, weonlyneedto show

that E(K) j= A iff E(K) [ fG(A)g is unsatis�ablefor anygivenaxiomA. We cando
this ona casebycasebasisfor thesevenkindsof axiomdescribedin Figure7. In most
casestheproof is a trivial consequenceof thesemantics,andof thefact that thefresh
individualsintroducedby thetransformationcanbeinterpretedasanyelementof � I

(becausethey arenotmentionedelsewherein E(K)). In thefollowing, c;d areconcepts,
r; s are roles,a; b are individuals,d is a datavalue, x; y are freshindividuals,v; w; z
areelementsof � I andi is anelementof � I

D . Wewill oftenreferto anextensionof an
interpretationI , meaningan interpretationI 0 in which � I 0

= � I and�I
0

is extended
to interpret freshindividuals.

– E(K) j= c v d iff E(K) [ f x : c u : dg is not satis�able. If E(K) j= c v d thenin
everymodelI of E(K), cI � dI and(cu : d)I = ; , soI cannotsatisfyx : cu : d.
For theconverse, if I is a modelof E(K) in which cI 6� dI , thenthere existssome
w 2 (c u : d)I , and I can be extendedto I 0 such that x I 0

= w. I 0 therefore
satis�esx : c u : d, and it is still a modelof E(K) becausex is not mentionedin
E(K), soI 0 is a modelof E(K) [ f x : c u : dg.

– E(K) j= 9c iff E(K) [ f> v : cg is not satis�able. If E(K) j= 9c, thenin every
modelI of E(K), cI 6= ; , so(: c)I � � I andI doesnot satisfy> v : c. For the
converse, if E(K) [ f> v : cg is not satis�able, then(: c) I � � I andcI 6= ; in
everymodelI of E(K).

– E(K) j= Trans(r ) iff E(K)[ f x : 9r:9r:f ygu:9 r:f yggisnotsatis�able. If E(K) j=
Trans(r ), thenin everymodelI of E(K), r I = (r I )+ , andf (x I ; w); (w; yI )g �
r I implies(x I ; yI ) 2 r I , soI cannotsatisfyx : 9r:9r:f ygu :9 r:f yg. For thecon-
verse, if I is a modelof E(K) in which in which for somev; w; z, f (v; w); (w; z)g �
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r I but (v; z) 62r I , thenI canbeextendedto I 0 such thatx I 0
= v andyI 0

= z, so
x I 0

2 (9r:9r:f yg)I 0
, x I 0

2 (:9 r:f yg)I 0
andx I 0

2 (9r:9r:f yg u :9 r:f yg) I 0
. I 0

thereforesatis�esx : 9r:9r:f yg u :9 r:f yg, andit is still a modelof E(K) because
x is notmentionedin E(K), soI 0 is a modelof E(K) [ f x : 9r:9r:f ygu :9 r:f ygg.

– E(K) j= r v s iff E(K) [ f x : 9r:f yg u :9 s:f ygg is not satis�able. If E(K) j=
r v s, thenin every modelI of E(K), (x I ; yI ) 2 r I implies(x I ; yI ) 2 sI , so
I cannotsatisfyx : 9r:f yg u :9 s:f yg. For theconverse, if I is a modelof E(K)
in which for somev; w, (v; w) 2 r I but (v; w) 62sI , thenI can be extendedto
I 0 such that x I 0

= v andyI 0
= w, sox I 0

2 (9r:f yg)I 0
, x I 0

2 (:9 s:f yg)I 0
and

x I 0
2 (9r:f yg u :9 s:f yg) I 0

. I 0 therefore satis�esx : 9r:f yg u :9 s:f yg, and it
is still a modelof E(K) becauseneitherx nor y is mentionedin E(K), so I 0 is a
modelof E(K) [ f x : 9r:f yg u :9 s:f ygg.

– E(K) j= f v g iff E(K) [ f x : 9f :f dg u :9 g:f dgg is not satis�able, where
d is a freshdata valueof the extra datatype(i.e., a data valuenot mentionedin
E(K)). If E(K) j= f v g, thenin everymodelI of E(K), (x I ; dI ) 2 f I implies
(x I ; dI ) 2 gI , so(9f :f dg u :9 g:f dg) I = ; for anyvalued, andI cannotsatisfy
x : 9f :f dg u :9 g:f dg. For the converse, if I is a modelof E(K) in which for
somev; i , (v; i ) 2 f I but (v; i ) 62gI , then I can be extendedto I 0 such that
x I 0

= v and dI 0
= i , so x I 0

2 (9f :f dg)I 0
, x I 0

2 (:9 g:f dg)I 0
and x I 0

2
(9f :f dg u :9 g:f dg) I 0

. I 0 thereforesatis�esx : 9f :f dgu :9 g:f dg, andit is still a
modelof E(K) becauseneitherx nor d is mentionedin E(K), so I 0 is a modelof
E(K) [ f x : 9f :f dg u :9 g:f dgg.

– E(K) j= a = b iff E(K) [ f a 6= bg is not satis�able. If E(K) j= a = b, thenin
everymodelI of E(K), aI = bI , so I cannotsatisfya 6= b. For theconverse, if
E(K) [ f a 6= bg is not satis�able, thenin every modelI of E(K), aI = bI , so
E(K) j= a = b.

– E(K) j= a 6= b iff E(K) [ f a = bg is not satis�able. Thisis a trivial variantof the
previouscase. ut

Theorems1 and2 imply:

Corollary 1. OWL DL entailmentcanbetransformedinto knowledgebaseunsatis�a-
bility in SHOI N (D ).

4.3 Consequences

The overall translationfrom OWL DL entailmentto SHOI N (D ) canbe performed
in polynomialtimeandresultsin apolynomialnumberof knowledgebasesatis®ability
problemseachof which is polynomial in the sizeof the initial OWL DL entailment.
Thereforewe have shown thatOWL DL entailmentis in thesamecomplexity classas
knowledgebasesatis®abilityin SHOI N (D ).

Unfortunately, SHOI N (D ) is a dif®cult descriptionlogic. Most problemsin
SHOI N (D ), including knowledgebasesatis®ability, are in NEXPTIME [17]. Fur-
ther, thereareasyetnoknown optimizedinferencealgorithmsor implementedsystems
for SHOI N (D ).

Thesituationis not,however, completelybleak.Thereis aninexacttranslationfrom
SHOI N (D ) to SHI N (D ) that turnsnominalsinto atomicconceptnames.I.e., for
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OWL fragmentF TranslationF 0(F )
Individual(x1 . . . xn ) F 0(a : x1); : : : ; F 0(a : xn )

for a a freshindividual name
a : type(C) a : V(C)
a : value(R x) ha; bi : R, F 0(b : x)

for ba freshindividual name
a : value(U v) ha; vi : U
a : o a = o

Fig.8. Translationfrom OWL Lite factsto SHI F + (D )

eachnominal o, occurrencesof o are replacedby a new conceptPo, and an axiom
o : Po is addedto theknowledgebase;andfor eachaxioma 6= b, theaxiomPa v : Pb

is addedto theknowledgebase.This translationcouldbeusedto producea partial,but
still verycapable,reasonerfor OWL DL. Moreover, asis shown in thenext section,the
situationfor OWL Lite is signi®cantlydifferent.

5 Transforming OWL Lite

OWL Lite is thesubsetof OWL DL that

1. eliminatesthe intersectionOf , unionOf , complementOf , and oneOf
constructors;

2. removesthevalue constructfrom therestriction constructors;
3. limits cardinalitiesto 0 and1;
4. eliminatestheenumeratedClass axiom;and
5. requires that description-formingconstructorsnot occur in other description-

formingconstructors.

Thereasonfor de®ningtheOWL Lite subsetof OWL DL wasto have aneasiertarget
for implementation.This wasthoughtto be mostly easierparsingandothersyntactic
manipulations.

As OWL Lite doesnot have theanalogueof nominalsit is possiblethat inference
is easierin OWL Lite thanin OWL DL. However, thetransformationabovefrom OWL
DL entailmentinto SHOI N (D ) unsatis®abilityusesnominalseven for OWL Lite
constructs.It is thusworthwhile to devisean alternative translationthat avoids nomi-
nals.

Therearethreeplacesthatnominalsshow up in our transformation:

1. translationsinto SHOI N + (D ) of OWL DL constructsthatarenot in OWL Lite,
in particulartheoneOf constructor;

2. translationsinto SHOI N + (D ) axiomsof OWL DL Individual facts;and
3. thetransformationto SHOI N (D ) unsatis®abilityof SHOI N+ (D ) entailments

whoseconsequentsarerole inclusionaxiomsor role transitivity axioms.

The®rst of these,of course,is nota concernwhenconsideringOWL Lite.
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Axiom A TransformationG(A)
a : C a : : C
ha; bi : R b : B , a : 8R:: B

for B a freshconceptname
ha; vi : U a : 8U:v

Fig.9. ExtendedTransformationfrom Entailmentto Unsatis�ability

The second place where nominals show up is in the translation of OWL
Individual facts into SHOI N (D ) axioms (Figure 6). In order to avoid intro-
ducing nominals,we can usethe alternative translationF 0 from OWL Lite factsto
SHI F + (D ) given in Figure8. Note that, in this case,the translationV(C) doesnot
introduceany nominalsaswearetranslatingOWL Lite classes.

Thenew transformationdoes,however, introduceaxiomsof theform a : C, ha; bi :
R andha; vi : U that we will needto dealwith whentransformingfrom entailment
to satis®ability. We cando this by extendingthe transformationG given in Figure7
asshown in Figure9. Theextensiondealswith axiomsof the form ha; vi : U usinga
datatypederivedfrom thenegationof a datavalue(written v), andwith axiomsof the
form ha; bi : R usinga simpletransformation,describedin moredetailby Horrockset
al. [12]. This transformationexploits thefactthata freshconceptname(i.e.,a concept
namethat is not alreadymentionedin theknowledgebase)canbe usedto simulatea
nominalin somecases.In particular, if B is a freshconceptname,andwe assertthat
a is an instanceof B , thenany modelI of a knowledgebaseK canbeextendedto a
modelI 0 of K in which B I 0

= f aI 0
g, i.e., a modelin which B � f ag. Whenusing

this technique,conceptssuchasB arecalledpseudonominals.

Thethird and®nal placewherenominalsshow up is in thetransformationof entail-
mentswhoseconsequentsareobjectrole inclusionaxiomsor role transitivity axioms.
Both thesecasescanalsobe dealtwith usingpseudonominals.Objectrole inclusion
axiomscanbedealtwith usinga pseudonominaltransformationsimilar to thosegiven
in Figure9. In this transformation,an axiom of the form r v s is transformedinto
theaxiomx : B u 9r (8s� :: B ), whereB is is a freshconceptname.Similarly, tran-
sitivity axiomscan be dealt with by transformingan axiom Trans(r ) into an axiom
x : B u 9r (9r (8r � :: B )).

We will useG0 to denotethetransformationdescribedin Figures7 and9 with role
inclusionandtransitivity transformationsmodi®edasdescribedabove.

Theorem3. The translationfrom OWL Lite to SHI F + (D ) preservessatis�ability.
That is, an OWL Lite axiomor fact is satis�edby an interpretationI if andonly if the
translationis satis�edby I .8

Proof. A simple recursive argument based on the semanticsof OWL Lite and
SHI F + (D ) showsthat the extensionof OWL Lite classes,data ranges,and pieces
of Individual factsis maintainedin thetranslation.Similarly, a simplesemanticsbased

8 ThisagainignorestheminordifferencesbetweenOWL Lite interpretationsandSHI F + (D )
interpretations.
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argumentshowsthat the translationof OWL Lite axiomsandfactspreservessatisfac-
tion.

Theorem4. Let K and K0 be SHI F + (D ) knowledge basesderivedfrom OWL Lite
ontologies.ThenK j= K0 iff theSHI F (D ) knowledgebaseE(K) [ fG0(A )g is unsat-
is�able for everyaxiomA in K 0.

Proof. As a SHI F + (D ) knowledge baseis obviouslya SHOI N + (D ) knowledge
base, weonlyneedto considerthenew transformationsintroducedin G0.

– E(K) j= a : C iff E(K) [ f a : : Cg is notsatis�able. If E(K) j= a : C thenin every
modelI of E(K), aI 2 C I andI cannotsatisfya : : C. For theconverse, if I is a
modelof E(K) in which aI 62C I , thenI alsosatis�esa : : C andE(K)[ f a : : Cg
is satis�able.

– E(K) j= ha; bi : R iff E(K) [ f b : B ; a : 8R:: B g is not satis�able, where B is a
conceptnamenotmentionedin E(K). If E(K) j= ha; bi : R, thenin everymodelI
of E(K), (aI ; bI ) 2 RI , and if b : B is satis�ed thena : 8R:: B is not satis�ed.
For theconverse, if I is a modelof E(K) in which (aI ; bI ) 62RI , thenI canbe
extendedto I 0 such that B I 0

= f bI g, so for any (aI 0
; w) 2 RI 0

, w 2 (: B )I 0
,

andthusaI 0
2 (8R:: B )I 0

. I 0 therefore satis�esbothb : B anda : 8R:: B , and
it is still a modelof E(K) becauseB is notmentionedin E(K), soI 0 is a modelof
E(K) [ f b : B ; a : 8R:: B g.

– E(K) j= ha; vi : U iff E(K) [ f a : 8U:vg is not satis�able, where v is a datatype
such that (v)D = � I

D n f vD g. If E(K) j= ha; vi : U, thenin every modelI of
E(K), (aI ; vD ) 2 U I and a : 8U:v is not satis�ed. For the converse, if I is a
modelof E(K) in which (aI ; vD ) 62U I , thenfor any(aI ; i ) 2 U I , i 2 (v)D and
aI 2 (8U:v)I . I therefore satis�esa : 8U:v, andso it is a modelof E(K) [ f a :
8U:vg.

– E(K) j= r v s iff E(K) [ f x : B u 9r (8s� :: B )g is not satis�able, where B is a
conceptnamenot mentionedin E(K). If E(K) j= r v s, then(v; w) 2 r I implies
(v; w) 2 sI and(w; v) 2 (s� )I , sox I 2 (9r (8s� :: B ))I impliesx I 2 (: B )I

and x : B u 9r (8s� :: B ) is not satis�ed. For the converse, if I is a modelof
E(K) in which for somev; w, (v; w) 2 r I but (v; w) 62sI (and so (w; v) 62
(s� )I ), then I can be extendedto I 0 such that x I 0

= v and B I 0
= f vg, so

x I 0
2 B I 0

, w 2 (8s� :: B )I 0
and x I 0

2 (9r (8s� :: B )) I 0
. I 0 therefore satis�es

x : B u 9r (8s� :: B ), and it is still a modelof E(K) becauseneitherx nor B is
mentionedin E(K), soI 0 is a modelof E(K) [ f x : B u 9r (8s� :: B )g.

– E(K) j= Trans(r ) iff E(K) [ f x : B u 9r (9r (8r � :: B ))g is notsatis�able, whereB
is a conceptnamenotmentionedin E(K). If E(K) j= Trans(r ), thenin everymodel
I of E(K), f (x I ; w); (w; z)g � r I implies(x I ; z) 2 r I and(z; x I ) 2 (r � )I , so
x I 2 (9r (9r (8r � :: B ))) I impliesx I 2 (: B )I andx : B u 9r (9r (8r � :: B )) is
not satis�ed.For theconverse, if I is a modelof E(K) in which for somev; w; z,
f (v; w); (w; z)g � r I but (v; z) 62r I (and so (z; v) 62(r � )I ), then I can be
extendedto I 0 such that x I 0

= v andB I 0
= f vg, sox I 0

2 B I 0
, z 2 (8r � :: B )I 0

andx I 0
2 (9r (9r (8r � :: B ))) I 0

. I 0 therefore satis�esx : B u 9r (9r (8r � :: B )),
andit is still a modelof E(K) becauseneitherx nor B is mentionedin E(K), soI 0

is a modelof E(K) [ f x : B u 9r (9r (8r � :: B ))g. ut
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Theorems3 and4 imply:

Corollary 2. OWLLite entailmentcanbetransformedinto knowledgebaseunsatis�a-
bility in SHI F (D ).

A simpleexaminationshows that the transformationscanbe computedin polynomial
timeandresultin only a linearincreasein size.

As knowledgebasesatis®ability in SHI F (D ) is in EXPTIME [17], this means
thatentailmentin OWL Lite canbecomputedin exponentialtime. Further, OWL Lite
entailmentcanbe computedby the RACER descriptionlogic system[8], a heavily-
optimiseddescriptionlogic reasoner, resultingin an effective reasonerfor OWL Lite
entailment.

6 Conclusion

Reasoningwith ontologylanguageswill be importantin theSemanticWebif applica-
tionsareto exploit thesemanticsof ontologybasedmetadataannotations.

We have shown that ontology entailmentin the OWL DL and OWL Lite ontol-
ogy languagescan be reducedto knowledgebasesatis®ability in, respectively, the
SHOI N (D ) and SHI F (D ) descriptionlogics. This is so even thoughsomecon-
structsin theselanguagesgobeyondthestandarddescriptionlogic constructs.

Fromthesemappings,we have determinedthat thecomplexity of ontologyentail-
mentin OWL DL andOWL Lite is in NEXPTIME andEXPTIME respectively (thesame
asfor knowledgebasesatis®abilityin SHOI N (D ) andSHI F (D ) respectively).The
mappingof OWL Lite to SHI F (D ) alsomeansthatalready-knownpracticalreasoning
algorithmsfor SHI F (D ) canbeusedto determineontologyentailmentin OWL Lite;
in particular, thehighly optimisedRACERsystem[8], whichcandetermineknowledge
basesatisfactionin SHI F (D ), canbeusedto provideef®cient reasoningservicesfor
OWL Lite.

Themappingfrom OWL DL to SHOI N (D ) canalsobeusedto providecomplete
reasoningservicesfor a largepartof OWL DL, or partial reasoningservicesfor all of
OWL DL. Studiesdirectedtowardsthedevelopmentof complete,practicalalgorithms
andsystemsfor all of OWL DL areobviously a high priority within the description
logic andSemanticWebresearchcommunities.If suchalgorithmscannotbefound,it
maybeworthwhile to considerrevising thespeci®cationof OWL DL to eliminate(or
at leastweaken) one of the constructorswhoseinteractioncausesthe dif®culty, i.e.,
inverseproperties,cardinalityconstraintsor oneOf.
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