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Abstract. We show how to reduceontology entailmentfor the OWL DL and
OWL Lite ontologylanguagesto knowledgebasesatis�ability in (respectively)
the
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descriptionlogics.This is doneby �rst estab-
lishing a correspondencebetweenOWL ontologiesanddescriptionlogic knowl-
edgebasesandthenby showing how knowledgebaseentailmentcanbereduced
to knowledgebasesatis�ability.

1 Intr oduction

The aim of theSemanticWeb is to make web resources(not just HTML pages,but a
wide rangeof webaccessibledataandservices)morereadilyaccessibleto automated
processes.Thisis tobedonebyaugmentingexistingpresentationmarkupwith semantic
markup,i.e.,meta-dataannotationsthatdescribetheircontent[2]. Accordingto widely
known proposalsfor a SemanticWeb architecture,ontologieswill play a key role as
they will beusedasa sourceof sharedandpreciselyde�ned termsthatcanbeusedin
suchmetadata[15].

The importanceof ontologiesin semanticmarkuphaspromptedthe development
of several ontology languagesspeci�cally designedfor this purpose.Theseinclude
OIL [7], DAML+OIL [13] andOWL [4]. OWL is of particularsigni�canceasit has
beendevelopedby the W3C Web Ontology working group,and is set to becomea
W3Crecommendation.

The proposedOWL recommendationactually consistsof threelanguagesof in-
creasingexpressive power: OWL Lite, OWL DL andOWL Full. Like OWL's prede-
cessorDAML+OIL, OWL Lite andOWL DL arebasicallyveryexpressivedescription
logicswith anRDF syntax.They canthereforeexploit theconsiderableexisting body
of descriptionlogic research,e.g.,to de�ne the semanticsof the languageandto un-
derstandits formal properties,in particularthedecidabilityandcomplexity of key in-
ferenceproblems[6]. OWL Full providesa morecompleteintegrationwith RDF, but
its formal propertiesarelesswell understood,andkey inferenceproblemswould cer-



tainly bemuch harderto compute.3 In this paperwe will, therefore,concentrateon the
provisionof reasoningservicesfor OWL Lite andOWL DL.

1.1 OWL Reasoning

Reasoningwith ontology languageswill be importantin the SemanticWeb if appli-
cationsare to exploit the semanticsof ontology basedmetadataannotations,e.g., if
semanticsearchenginesareto �nd pagesbasedon thesemanticsof their annotations
ratherthantheir syntax.As well asproviding insightsinto OWL's formal properties,
OWL's relationshipto expressivedescriptionlogicsprovidesasourceof algorithmsfor
solving key inferenceproblems,in particularsatis�ability. Moreover, in spite of the
high worst casecomplexity of reasoningin suchdescriptionlogics,highly optimised
implementationsof thesealgorithmsareavailableandhave beenshown to work well
with realisticproblems.Two dif�culties arise,however, whenattemptingto usesuch
implementationsto providereasoningservicesfor OWL:

1. OWL's RDF syntaxusesframe-like constructsthat do not corresponddirectly to
descriptionlogic axioms;and

2. asin RDF, OWL inferenceis de�ned in termsof ontologyentailmentratherthan
ontologysatis�ability.

The obvious solutionto the �rst problemis to de�ne a mappingthat decomposes
OWL framesinto oneor moredescriptionlogic axioms.It turnsout, however, that the
RDF syntaxusedin OWL cannotbedirectly translatedinto any “standard”description
logic becauseit allows theuseof anonymousindividualsin axiomsassertingthetypes
of andrelationshipsbetweenindividuals.Theobvioussolutionto thesecondproblem
is to reduceentailmentto satis�ability. Doing thisnaively would,however, requirerole
negation,andthis is not supportedin any implementeddescriptionlogic reasoner.

In this paperwe will show that, in spiteof thesedif�culties, ontologyentailment
in OWL DL and OWL Lite can be reducedto knowledgebasesatis�ability in the

������� �"!$#&%

and
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descriptionlogicsrespectively. This is achievedby map-
pingOWL to anintermediatedescriptionlogic thatincludesanovelaxiomassertingthe
non-emptinessof a class,andby usinga moresophisticatedreductionto satis�ability
thatbotheliminatesthisconstructorandavoidstheuseof rolenegation.

This is a signi�cant result from both a theoreticaland a practical perspective:
it demonstratesthat computingontology entailmentin OWL DL (resp.OWL Lite)
hasthe samecomplexity ascomputingknowledgebasesatis�ability in
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), and that descriptionlogic algorithms and implementations(such as
RACER [8]) canbe usedto provide reasoningservicesfor OWL Lite. Unfortunately,
the designof “practical” algorithmsfor

�-�����.�+!,#�%

is still an openproblem—the
searchfor suchalgorithmsmustobviously bea high priority within theSemanticWeb
researchcommunity.

3 Inferencein OWL Full is clearlyundecidableasOWL Full doesnot includerestrictionsonthe
useof transitive propertieswhicharerequiredin orderto maintaindecidability[11].



2 The OWL WebOntology Language

As mentionedin Section1, OWL [4] is an ontologylanguagethat hasrecentlybeen
developedby theW3CWebOntologyWorkingGroup.OWL is de�nedasanextension
to RDFin theform of avocabularyentailment[9], i.e.,thesyntaxof OWL is thesyntax
of RDFandthesemanticsof OWL areanextensionof thesemanticsof RDF.

OWL hasmany featuresin commonwith descriptionlogics,but alsohassomesig-
ni�cant differences.The�rst differencebetweenOWL anddescriptionlogicsis thatthe
syntaxof OWL is thesyntaxof RDF. OWL informationis thusencodedin RDF/XML
documents[1] andparsedinto RDF Graphs[14] composedof triples. BecauseRDF
Graphsaresuchan impoverishedsyntax,many descriptionlogic constructsin OWL
areencodedinto several triples.BecauseRDF Graphsaregraphs,however, it is possi-
ble to createcircularsyntacticstructuresin OWL, whicharenotpossiblein description
logics.This would allow, e.g.,in�nitely recursivesyntacticstructures,thesemanticsof
whichwouldnotbewell de�ned in a descriptionlogic.

TheseconddifferencebetweenOWL anddescriptionlogics is thatOWL contains
featuresthat do not �t within the descriptionlogic framework. For example,OWL
classesareobjectsin thedomainof discourseandcanbemadeinstancesof othercon-
cepts,includingthemselves.Thesetwo features,alsopresentin RDF, makea semantic
treatmentof OWL quitedifferentfrom thesemantictreatmentof descriptionlogics.

2.1 OWL DL and OWL Lite

Fortunatelyfor our purpose,thereareof�cially-de�ned subsetsof OWL thataremuch
closerto descriptionlogics.Thelargerof thesesubsets,calledOWL DL, restrictsOWL
in two ways.First, unusualsyntacticconstructs,suchas descriptionswith syntactic
cyclesin them,arenotallowedin OWL DL. Second,classes,properties,andindividuals
(usuallycalledconcepts,rolesandindividualsin descriptionlogics)mustbedisjoint in
thesemanticsfor OWL DL.

Becauseof thesyntacticrestrictionsin OWL DL, it is possibleto developanabstract
syntaxfor OWL DL [16] that looksmuchlike anabstractsyntaxfor a powerful frame
language,andis notverydifferentfrom descriptionlogic syntaxes.This is verysimilar
to the approachtaken in the OIL language[7]. The abstractsyntaxfor OWL DL has
classesand dataranges,which are analoguesof conceptsand concretedatatypesin
descriptionlogics,andaxiomsandfacts,whichareanaloguesof axiomsin description
logics.Axiomsandfactsaregroupedinto ontologies,theanalogueof descriptionlogic
knowledgebases,whicharethehighestlevel of OWL DL syntax.

The constructorsusedto form OWL DL descriptionsand data rangesare sum-
marisedin Figure1, where/ is aclassname,0 (possiblysubscripted)is adescription,

1 (possiblysubscripted)is an individual name,2 is anobject(or abstract)property, 3

is a datatypeproperty,4 4 is a datatype,5 is a datarange,6 (possiblysubscripted)is
a datavalueand 798;:<8;= arenon-negative integers;elements> enclosedin braces? can
berepeatedzeroor moretimesandelements[enclosedin squarebrackets]areoptional.
Thedetailsof theseconstructorscanbefoundin theOWL documentation[4].

4 An objectpropertyis onethatassociatespairsof individuals;adatatypepropertyassociatesan
individual with a datavalue.



Classes
@

intersectionOf(A

� . . . A�B )
unionOf(A

� . . . A B )
complementOf(A )
oneOf(C

� . . . C B )
restriction(D

E

allValuesFrom(A ) F

E

someValuesFrom(A ) F

E

value(C ) F [minCardinality(G )]
[maxCardinality(H )] [cardinality(I )])

restriction(J
E

allValuesFrom(K ) F

E

someValuesFrom(K ) F

E

value(L ) F [minCardinality(G )]
[maxCardinality(H )] [cardinality(I )])

Data Ranges
M

oneOf(L

� . . . LNB )

Fig.1. OWL DL Constructors

Descriptionsanddatarangescanbeusedin OWL DL axiomsandfactsto provide
informationaboutclasses,properties,andindividuals.Figure2 providesa summaryof
theseaxiomsandfacts.Thedetailsof theseconstructorscanalsobefoundin theOWL
documentation[4]. In particular, Figure2 ignoresannotationsanddeprecation,which
allow uninterpretedinformationto beassociatedwith classesandproperties,but which
arenot interestingfrom a logical pointof view.

Becauseof thesemanticrestrictionsin OWL DL, metaclassesandothernotionsthat
do not �t into thedescriptionlogic semanticframework canbeignored.In fact,OWL
DL hasa semanticsthat is very muchin thedescriptionlogic style,andthathasbeen
shown to beequivalentto theRDF-stylesemanticsfor all of OWL [16]. Again,wewill
notpresentall of thissemantics,insteadconcentratingon its differencesfrom theusual
descriptionlogicssemantics.

Thereis a subsetof OWL DL, calledOWL Lite, the motivation for which is in-
creasedeaseof implementation.This is achievedby supportingfewerconstructorsthan
OWL DL, andby limiting the useof someof theseconstructors.In particular, OWL
Lite doesnot supporttheoneOf constuctor(equivalentto descriptionlogic nominals),
asthisconstructoris known to increasetheoreticalcomplexity andto leadto dif�culties
in the designof practicalalgorithms[10]. In Section5 we will examinethesediffer-
encesin moredetail,andexplore their impacton thereductionfrom OWL entailment
to descriptionlogic satis�ability.

2.2 Semanticsfor OWL DL

Thesemanticsfor OWL DL is fairly standardby descriptionlogic standards.TheOWL
semanticdomainis a setwhoseelementscanbedivided into abstractobjects(theab-
stractdomain),and datatypevalues(the datatypeor concretedomain,written O�P Q ).



ClassAxioms
Class(

@

partial R

� . . . R B )
Class(

@

completeR

� . . . R9B )
EnumeratedClass(

@

C

� . . . C B )
DisjointClasses(R

� . . . R B )
EquivalentClasses(R

� . . . R B )
SubClassOf(R

�

R

� )
Property Axioms

DatatypeProperty(S super(S � ) . . . super(S B ) [Functional]
domain(R � ) . . .domain(R9T ) range(U � ) . . .domain(UWV ))

ObjectProperty(X super(X � ) . . . super(X B ) [inverseOf(XZY )]
[Functional][InverseFunctional][Symmetric][Transitive]
domain(R � ) . . .domain(R9T ) range([ � ) . . .domain([ V ))

EquivalentProperties(S

� . . . S B )
SubPropertyOf(S

�

S

� )
EquivalentProperties(X

� . . . X
B )

SubPropertyOf(X

�

X

� )
Facts

Individual([C ] type(R

� ) . . . type(R

� )
value(\ �

L

� ) . . . value(\ �

L

� ))
SameIndividual(C

� . . . C
B )

DifferentIndividuals(C

� . . . C
B )

Fig.2. OWL DL AxiomsandFacts(simpli�ed)

Datatypesin OWL arederivedfrom thebuilt-in XML Schemadatatypes[3]. Datatype
valuesaredenotedby specialliteral constructsin thesyntax,thedetailsof which need
not concernushere.

An interpretationin this semanticsis of�cially a four-tuple consistingof the ab-
stractdomainandseparatemappingsfor conceptnames,propertynames,andindividual
names(in descriptionlogics, the mappingsareusuallycombinedto give a two-tuple,
but thetwo formsareobviouslyequivalent).OWL DL classesareinterpretedassubsets
of the abstractdomain,and for eachconstructorthe semanticsof the resultingclass
is de�ned in termsof its components.For example,given two classes0 and 5 , the
interpretationof the intersectionof 0 and 5 is de�ned to be the intersectionof the
interpretationsof 0 and 5 . Datatypesarehandledby meansof a mapping ]

Q

that in-
terpretsdatatypenamesassubsetsof theconcretedomainanddatanames(i.e., lexical
representationsof datavalues)aselementsof theconcretedomain.

OWL DL axiomsand factsresult in semanticconditionson interpretations.For
example,anaxiomassertingthat 0 is a subclassof 5 resultsin thesemanticcondition
that the interpretationof 0 mustbe a subsetof the interpretationof 5 , while a fact
assertingthat ^ hastype 0 resultsin thesemanticconditionthattheinterpretationof ^

mustbeanelementof thesetthatis theinterpretationof 0 . An OWL DL ontology _ is
satis�ed by aninterpretation

�

just whenall of thesemanticconditionsresultingfrom
theaxiomsandfactsin

�

aresatis�edby
�

.



Themainsemanticrelationshipin OWL DL is entailment—arelationshipbetween
pairsof OWL ontologies.An ontology _

� entailsanontology _

� , written _

�a` b

_

� ,
exactlywhenall interpretationsthatsatisfy _

� alsosatisfy _

� . This semanticrelation-
ship is differentfrom the standarddescriptionlogic relationships,suchasknowledge
baseandconceptsatis�ability. The main goal of this paperis to show how OWL DL
entailmentcanbetransformedinto DL knowledgebase(un)satis�ability.

3 cedgfihkjmlonqp and cedrh*stlonqp

Themaindescriptionlogic thatwe will beusingin this paperis
������� �"!$#&%

, which
is similar to the well known
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descriptionlogic [10], but is extendedwith
inverseroles(

�

) andrestrictedto unquali�ed numberrestrictions(
�

). We will assume
throughoutthepaperthatdatatypesanddatavaluesareasin OWL.

Let A, vaw , v

Q , and I be pairwise disjoint sets of conceptnames, abstract
role names, datatype(or concrete) role names, and individual names. The set of
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-roles is vawyxz>{2'|

`

2~}•vkw-?€x<v

Q . In order to avoid considering
rolessuchas 2�|.| we will de�ne •ƒ‚N„

!

2

%

s.t. •…‚o„

!

2

%

b

2'| and •…‚o„

!

2'|

%

b

2 . Theset
of

������� �"!$#&%

-conceptsis thesmallestsetthatcanbebuilt usingtheconstructorsin
Figure3.

The
������� �†!,#�%

axiomsyntaxis alsogiven in Figure3. (The lastaxiomin Fig-
ure3 formsanextensionof

������� �+!,#�%

, whichwecall
������� �•‡ˆ!,#�%

, whichis used
internallyin our translation.)A knowledgebase‰ is a �nite setof axioms.We will use

Š

* to denotethetransitive re�exiveclosureof
Š

on roles,i.e., for two roles ‹�8Œ2 in ‰ ,
‹

Š

* 2 in ‰ if ‹

b

2 , ‹

Š

2†}*‰ , •…‚o„

!

‹

%

Š

•…‚o„

!

2

%

}*‰ , or thereexistssomerole •

suchthat ‹

Š

* • in ‰ and •

Š

* 2 in ‰ . A role 2 is calledsimplein ‰ if for eachrole
‹ s.t. ‹

Š

* 2 in ‰ , Ž�•‘•’‚{“

!

‹

%�”

}<‰ and Ž�•‘•’‚{“

!

•…‚o„

!

‹

%Œ%�”

}•‰ . To maintaindecidability, a
knowledgebasemusthavenonumberrestrictionsonnon-simpleroles[11].

The semanticsof
�-�����.�

‡

!,#�%

is given by meansof an interpretation
�

b

!

O
P

8—–
P

%

consistingof a non-emptydomain O
P , disjoint from the datatype(or con-

crete)domain O˜P Q , anda mapping – P , which interpretsatomicandcomplex concepts,
roles,andnominalsaccordingto Figure3. (In Figure3, ™ is setcardinality.)

An interpretation
�

b

!

O�Pš8—– P

%

satis�esa
������� �

‡
!$#&%

-axiomunderthecondi-
tions given in Figure3. An interpretationsatis�esa knowledgebase‰ if f it satis�es
eachaxiomin ‰ ; ‰ is satis�able(unsatis�able) if f thereexists(doesnotexist) suchan
interpretation.A

�-�����.�+!,#�%

-concept0 is satis�ablew.r.t. a knowledgebase‰ if f
thereis aninterpretation

�

with 0›P

”

b+œ thatsatis�es ‰ . A concept0 is subsumedby
aconcept5 w.r.t. ‰ if f 0

P

Š

5
P for eachinterpretation

�

satisfying‰ . Two concepts
aresaidto beequivalentw.r.t. ‰ if f they subsumeeachotherw.r.t. ‰ . A knowledgebase

‰

� entailsa knowledgebase‰

� if f every interpretationof ‰

� is alsoan interpretation
of ‰

� .
We de�ne a notionof entailmentin

���*��� �

‡

!$#&%

in thesameway asit wasde-
�ned for OWL DL. It is easyto show that ‰

` b

‰˜• if f ‰

` b

/ for every axiom / in
‰ž• .



Constructor Name Syntax Semantics
atomicconceptA

@ @-Ÿ� <¡�Ÿ

datatypesD K K˜¢

 y¡

Ÿ

¢

abstractrole £˜¤ D D

Ÿ  <¡ Ÿ¦¥ ¡ Ÿ

datatyperole £

¢

S S

Ÿ� y¡�Ÿ ¥ ¡�Ÿ

¢

individualsI C C

Ÿ�§ ¡ Ÿ

datavalues L L

Ÿ�¨

L ¢

inverserole D›©




D›©

�$Ÿ�¨ª


D

Ÿ«�

©

conjunction A

��¬

A

�




A

� ¬

A

�

� Ÿ ¨

A

Ÿ

�›­

A

Ÿ

�

disjunction A

��®

A

�




A

� ®

A

�

� Ÿ ¨

A

Ÿ

�›¯

A

Ÿ

�

negation ° A

�




° A

�

�$Ÿ˜¨ ¡ Ÿ�±

A

Ÿ

�

oneOf
E

C

�³²µ´µ´³´

F

E

C

�³²³´µ´µ´

F

Ÿ ¨

E

C

Ÿ

�

²³´µ´µ´

F

existsrestriction ¶·D

´

A




¶¸D

´

A

�$Ÿ˜¨

E³¹aº

¶·»

´

¼½¹¿¾

»

§

D

Ÿ

and »

§

A

Ÿ

F

valuerestriction À«D

´

A




À¿D

´

A

� Ÿ ¨

E³¹aº

À«»

´

¼½¹

²

»

¾

§

D

ŸÂÁ

»

§

A

Ÿ

F

atleastrestriction Ã�GÄD




Ã'GˆD

�
Ÿ

¨

EW¹kºNÅ




E

»

´

¼½¹

²

»

¾

§

D

Ÿ

F

�

ÃÆGÇF

atmostrestriction È�GÄD ( È�G�D

�ÉŸÂ¨

E³¹Êº{Å




E

»

´

¼½¹

²

»

¾

§

D

Ÿ

F

�

ÈÆGÇF

datatypeexists ¶ËS

´

K




¶ËS

´

K

�
Ÿ

¨

E³¹Êº

¶·»

´

¼½¹

²

»

¾

§

S

Ÿ

and »

§

K
¢

F

datatypevalue ÀÌS

´

K




ÀÌS

´

K

�
Ÿ

¨

E³¹Êº

À«»

´

¼½¹

²

»

¾

§

S

Ÿ
Á

»

§

K
¢

F

datatypeatleast Ã�G�S
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¨
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E

»

´

¼½¹

²

»

¾

§

S

Ÿ

F

�

ÃÆGÇF

datatypeatmost È�G�S ( È�G�S

�ÉŸ�¨
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E

»

´

¼½¹

²

»

¾

§

S

Ÿ

F

�

ÈÆGÇF

datatypeoneOf
E

L

�
²µ´µ´³´

F

E

L

�
²µ´µ´µ´

F

Ÿ
¨

E

L

Ÿ

�

²µ´Í´µ´

F

Axiom Name Syntax Semantics
conceptinclusion A

�)Î

A

�

A

Ÿ

�

 

A

Ÿ

�

objectrole inclusion D

��Î

D

�

D

Ÿ

�

 

D

Ÿ

�

objectrole transitivity Ï�ÐƒÑÓÒWÔ




D

�

D

Ÿ
¨ª


D

Ÿ
�ÖÕ

datatyperole inclusion S

��Î

S

�

S

Ÿ

�

 

S

Ÿ

�

individual inclusion ×˜Ø{A ×

Ÿ
§

A

Ÿ

individual equality ×

¨yÙ

×

Ÿ
¨yÙ

Ÿ

individual inequality ×kÚ

¨yÙ

×

Ÿ

Ú

¨yÙŒŸ

conceptexistence ¶¸A

Å




A

Ÿ«�

ÃzÛ

Fig.3. Syntaxandsemanticsof
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Thedescriptionlogic
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is just
������� �"!$#&%

without theoneOfconstruc-
tor and with the atleastand atmostconstructorslimited to 0 and 1.
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is
relatedto

������� �

‡

!,#�%

in thesameway.



OWL fragmentÜ Translation
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�

Individual(
¹

� . . .
¹

B ) ¶


‘��


¹

�

�

¬�´µ´µ´—¬

��


¹

B

�Ö�

type(A ) Ý




A

�

value(D

¹

) ¶·D

´

��


¹

�

value(SÆL ) ¶’S

´

E

L¸F

C

E

CÓF

Fig.4. Translationfrom OWL factsto
�����-	Ì� Õ 
����

4 From OWL DL Entailment to cedÞfihkjmlonqp Unsatis�ability

We will now show how to translateOWL DL entailmentinto
�-�����.�+!,#�%

unsat-
is�ability . The �rst stepof our processis to translatean entailmentbetweenOWL
DL ontologiesinto an entailmentbetweenknowledgebasesin

���*��� � ‡ !,#�%

. Then
������� �

‡

!$#&%

entailmentis transformedinto unsatis�ability of
������� �†!,#�%

knowl-
edgebases.(Notethatconceptexistenceaxiomsareeliminatedin this laststep,leaving
a

���*��� �"!,#�%

knowledgebase.)

4.1 From OWL DL to ß›àâáÊã�ätå

#�æ

An OWL DL ontologyis translatedinto a
�-�����.�q‡ˆ!,#�%

knowledgebaseby taking
eachaxiomandfact in theontologyandtranslatingit into oneor moreaxiomsin the
knowledgebase.For OWL DL axioms,this translationis very natural,andis almost
identicalto thetranslationof OIL describedby Deckeretal. [5]. For example,theOWL
DL axiomClass(/ complete0

� . . . 0èç ) is translatedinto thepairof
������� �

‡

!$#&%

ax-
ioms /

Šgé

!

0

�

%ˆê

]—]N]

ê

é

!

0èç

%

and
é

!

0

�

%ˆê

]N]—]

ê

é

!

0èç

%

Š

/ , where
é

is the
obvious translationfrom OWL classesto descriptionlogic concepts,againvery sim-
ilar to the transformationdescribedby Decker et al. [5]. Similarly, an OWL DL ax-
iom DisjointClasses( 0

� ... 0
ç ) is translatedinto the

������� �
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!$#&%

axioms
é

!

0
ë

%

Šiì�é

!

0)í

%

for îÂïñð-òôó¦ïñ= .
The translationof OWL DL facts to
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axioms is more complex.
This is becausefactscan be statedwith respectto anonymousindividuals,and can
includerelationshipsto other(possiblyanonymous)individuals.For example,thefact
Individual(type(0 ) value(2 Individual(type(5 )))) statesthat thereexistsan individual
thatis aninstanceof class0 andis relatedvia theproperty2 to anindividual thatis an
instanceof theclass5 , withoutnamingeitherof theindividuals.

The need to translate this kind of fact is the reason for introducing the
������� �

‡

!$#&%

existenceaxiom. For example,the above fact can be translatedinto
the axiom õ

!

0

ê

õ«2�] 5

%

, which statesthat thereexists someinstanceof the concept
0

ê

õ¿2'] 5 , i.e., an individual that is an instanceof 0 andis relatedvia the role 2 to
aninstanceof theconcept5 . Figure4 describesa translation

(

that transformsOWL
factsinto a

�-�����.�

‡

!$#&%

existenceaxioms,where 0 is anOWL class,2 is anOWL
abstractpropertyor

������� �

‡

!$#&%

abstractrole, ö is an OWL datatypepropertyor
������� �

‡

!$#&%

datatyperole, 1 is an individual name,6 is a datavalue,and
é

is the
abovementionedtranslationfrom OWL classesto

�-�����.�

‡

!,#�%

concepts.
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Fig.5. Translationfrom Entailmentto Unsatis�ability

Theorem1. Thetranslationfrom OWL DL to
������� � ‡ !$#&%

preservesequivalence.
That is, an OWL DL axiomor fact is satis�ed by an interpretation

�

if andonly if the
translationis satis�edby

�

.5

Theabove translationincreasesthesizeof anontologyto at mostthesquareof its
size.It caneasilybe performedin time linear in the sizeof the resultantknowledge
base.

4.2 From Entailment to Unsatis�ability

Thenext stepof ourprocessis to transform
������� �

‡

!$#&%

knowledgebaseentailment
to

������� �"!$#&%

knowledgebaseunsatis�ability. We do this to relateour new notion
of descriptionlogic entailmentto thewell-known operationof descriptionlogic knowl-
edgebaseunsatis�ability.

We recall from Section3 that ‰

` b

‰˜• if f ‰

` b

/ for every axiom / in ‰˜• . We
thereforede�ne (in Figure5) a translation,� , suchthat ‰

` b

/ if f ‰"x�>	�

!

/

%

? is
unsatis�able,for ‰ a

������� �†!,#�%

knowledgebaseand / a
������� �+!,#�%

axiom.In
this transformationwe have needof namesof varioussortsthat do not occur in the
knowledgebaseor axiom; following standardpracticewe will call thesefreshnames.
Throughoutthetranslation,
 and � arefreshindividualnames.

Most of thetranslationsin � arequitestandardandsimple.For example,anobject
role inclusionaxiom �

Š�


is translatedinto an axiom that requiresthe existenceof
an individual that is relatedto someotherindividual by � but not by




, thusviolating
theaxiom.Theonly unusualtranslationis for datatyperole inclusions�

Š��

. Because
datavalueshave a known “identity” (rather like individuals underthe uniquename
assumption),afreshvaluecannotbeusedto simulateanexistentiallyquanti�edvariable
that couldbe interpretedasany elementin thedatatypedomain(in theway the fresh
nominalis usedin thecaseof anobjectrole inclusionaxiom).Instead,it is necessaryto
show thattherelevantinclusionholdsfor everydatavaluethatoccursin theknowledge
base,plus one freshdatavalue(i.e., onethat doesnot occur in the knowledgebase)

5 Thestatementof thetheoremhereignorestheminordifferencesbetweenOWL DL interpreta-
tionsand

�����
	��ôÕ�
����

interpretations.A stricteraccountwould have to worry aboutthese
stylisticdifferences.



for eachdatatypein ‰ . Becausethereareno operationson datavalues,it suf�ces to
consideronly thesefreshdatavaluesin additionto thosethatoccurin theknowledge
base.

Thetranslation� increasesthesizeof anaxiomto at mostthelargerof its sizeand
thesizeof theknowledgebase.It caneasilybe performedin time linear in the larger
of thesizeof theaxiomandthesizeof theknowledgebase.(If datatyperole inclusions
arenotused,then � increasesthesizeof anaxiomby atmostaconstantamount.)

Thetranslation� eliminatesconceptexistenceaxiomsfrom theknowledgebase‰'•

on theright-handsideof theentailment.Our laststepis to eliminateconceptexistance
axiomsfrom theknowledgebase‰ on theleft-handsideof theentailment.We do this
by applyinga translation�

!

‰

%

that replaceseachaxiomof the form õ¿0 }y‰ with an
axiom ^���0 , for ^ a freshindividual name.It is obviousthatthis translationpreserves
satis�ability, canbeeasilyperformed,andonly increasesthesizeof a knowledgebase
by a linearamount.

Theorem2. Let ‰ and ‰Â• be
������� �

‡

!$#&%

knowledge bases.Then ‰

` b

‰˜• iff the
������� �"!$#&%

knowledgebase�

!

‰

%

x˜>	�

!���%

? is unsatis�ablefor everyaxiom / in ‰
• .

4.3 Consequences

The overall translationfrom OWL DL entailmentto
������� �"!$#&%

canbe performed
in polynomialtimeandresultsin apolynomialnumberof knowledgebasesatis�ability
problemseachof which is polynomial in the sizeof the initial OWL DL entailment.
Thereforewe have shown thatOWL DL entailmentis in thesamecomplexity classas
knowledgebasesatis�ability in

������� �"!$#&%

.
Unfortunately,

������� �"!$#&%

is a dif�cult descriptionlogic. Most problemsin
������� �"!$#&%

, including knowledgebasesatis�ability, are in NEXPTIME [17]. Fur-
ther, thereareasyetnoknown optimizedinferencealgorithmsor implementedsystems
for

���*��� �†!,#�%

. Thesituationis not,however, completelybleak.Thereis aninexact
translationfrom

������� �+!,#�%

to
���'�.�+!,#�%

that turnsnominalsinto atomicconcept
names.This translationcouldbe usedto producea partial,but still very capable,rea-
sonerfor OWL DL. Moreover, asis shown in thenext section,thesituationfor OWL
Lite is signi�cantly different.

5 Transforming OWL Lite

OWL Lite is thesubsetof OWL DL that

1. eliminatesthe intersectionOf , unionOf , complementOf , and oneOf
constructors;

2. removesthevalue constructfrom therestriction constructors;
3. limits cardinalitiesto 0 and1;
4. eliminatestheenumeratedClass axiom;and
5. requires that description-formingconstructorsnot occur in other description-

formingconstructors.
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Thereasonfor de�ning theOWL Lite subsetof OWL DL wasto have aneasiertarget
for implementation.This wasthoughtto be mostly easierparsingandothersyntactic
manipulations.

As OWL Lite doesnot have theanalogueof nominalsit is possiblethat inference
is easierin OWL Lite thanin OWL DL. However, thetransformationabovefrom OWL
DL entailmentinto

������� �†!,#�%

unsatis�ability usesnominalseven for OWL Lite
constructs.It is thusworthwhile to devisean alternative translationthat avoids nomi-
nals.

Therearethreeplacesthatnominalsshow up in our transformation:

1. translationsinto
�-�����.� ‡�!,#�%

of OWL DL constructsthatarenot in OWL Lite,
in particulartheoneOf constructor;

2. translationsinto
������� �

‡

!,#�%

axiomsof OWL DL Individual facts;and
3. thetransformationto

���*��� �†!,#�%

unsatis�ability of
������� �

‡

!$#&%

entailments
whoseconsequentsarerole inclusionaxiomsor role transitivity axioms.

The�rst of these,of course,is nota concernwhenconsideringOWL Lite.

The second place where nominals show up is in the translation of OWL
Individual factsinto

������� �†!,#�%

axioms(Figure4). In orderto avoid introduc-
ing nominals,wecanusethealternativetransformation

(

• givenin Figure6. Notethat,
in thiscase,thetranslation

é

!

0

%

doesnot introduceany nominalsaswearetranslating
OWL Lite classes.

Thenew transformationdoes,however, introduceaxiomsof theform ^��¸0 , �,^Ç8������

2 and �$^Ç8;6 �!�
ö that we will needto dealwith whentransformingfrom entailment
to satis�ability. We cando this by extendingthe transformation� given in Figure5
asshown in Figure7. The extensiondealswith axiomsof the form �,^Ç8����"��2 using
a simple transformation,describedin more detail by Horrockset al. [12], and with



axiomsof the form �,^Ç8Œ6#�$�ˆö usinga datatypederived from the negationof a data
value(written 6 ).

Thethird and�nal placewherenominalsshow up is in thetransformationof entail-
mentswhoseconsequentsareobjectrole inclusionaxiomsor role transitivity axioms.

Object role inclusionaxiomscanbe dealtwith usinga transformationsimilar to
thosegivenin Figure7 (anddescribedin moredetailin [12]), whichdoesnot introduce
any nominals.This is shown in thefollowing lemma:

Lemma 1. Let % be an OWL Lite ontology and let A be an OWL Lite role inclusion
axiomstatingthat � is a subroleof




. Then%

` b

/ iff �

!

%

%

x*>&
'�

4

ê
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!)(




|
]

ì

4

%

?

is unsatis�ablefor 
 a freshindividualname, and 4 a freshconceptname.

Transitivity axiomscan be dealt with by exploiting the more limited expressive
powerof OWL Lite, in particularits inability to describeclasses,datatypesor properties
whoseinterpretationsmustbe non-emptybut �nite (e.g.,classesdescribedusingthe
oneOf constructor).As a resultof thismorelimited expressivepower, theonly way to
deducethetransitivity of aproperty� is to show thattheinterpretationof � cannotform
any chains(i.e.,consistsonly of isolatedtuples,or is empty).This observationleadsto
thefollowing lemma:

Lemma 2. Let K bean OWL Lite ontology and let A bean OWL Lite role transitivity
axiomstatingthat � is transitive. Then%

` b

/ iff �

!

%

%

xè>&
$�¸õ �

!

õ#�+*

%

? isunsatis�able
for 
 a freshindividualname(i.e., � formsnochains).

Theabovelemmas,takentogether, show thatOWL Lite entailmentcanbetransformed
into knowledgebaseunsatis�ability in

���'�)(*!,#�%

, plus somesimple(andeasy)tests
on thesyntacticform of a knowledgebase.A simpleexaminationshowsthatthetrans-
formationscanbecomputedin polynomialtime andresultin only a linear increasein
size.

As knowledgebasesatis�ability in
�����)(&!$#&%

is in EXPTIME [17] this meansthat
entailmentin OWL Lite canbecomputedin exponentialtime.Further, OWL Lite entail-
mentcanbecomputedby theRACERdescriptionlogic system[8], aheavily-optimised
descriptionlogic reasoner, resultingin aneffectivereasonerfor OWL Lite entailment.

6 Conclusion

Reasoningwith ontology languageswill be importantin the SemanticWeb if appli-
cationsareto exploit thesemanticsof ontologybasedmetadataannotations.We have
shown that ontology entailmentin the OWL DL andOWL Lite ontology languages
canbereducedto knowledgebasesatis�ability in, respectively, the

������� �"!$#&%

and
���'�)(*!,#�%

descriptionlogics. This is so even thoughsomeconstructsin theselan-
guagesgobeyondthestandarddescriptionlogic constructs.

Fromthesemappings,we have determinedthat thecomplexity of ontologyentail-
mentin OWL DL andOWL Lite is in NEXPTIME andEXPTIME respectively (thesame
asfor knowledgebasesatis�ability in

���*��� �"!,#�%

and
�-�'�)(*!,#�%

respectively).The
mappingof OWL Lite to

���'�)(*!,#�%

alsomeansthatalready-knownpracticalreasoning



algorithmsfor
���'�)(�!,#�%

canbeusedto determineontologyentailmentin OWL Lite;
in particular, thehighly optimisedRACERsystem[8], whichcandetermineknowledge
basesatisfactionin

���'��(�!$#&%

, canbeusedto provideef�cient reasoningservicesfor
OWL Lite.

Themappingfrom OWL DL to
������� �+!$#&%

canalsobeusedto providecomplete
reasoningservicesfor a largepartof OWL DL, or partial reasoningservicesfor all of
OWL DL. In spiteof its known decidability, however, thedesignof “practical” decision
proceduresfor

������� �+!$#&%

is still anopenproblem.Thesearchfor suchalgorithms
mustobviouslybea highpriority within theSemanticWebresearchcommunity.
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